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FFT-Based Implementation of Sampling Rate
Conversion with a Small Number of Delays

Xiaoxia ZOU'!, Shogo MURAMATSU', and Hitoshi KIYA', Members

SUMMARY  Block delay caused by using fast Fourier trans-
form (FFT), and computational complexity in sampling rate con-
version system are considered in this paper. The relationship
between the number of block delays and the computational com-
plexity is investigated. The proposed method can avoid the re-
dundant operations of sampling rate conversion completely and
moreover provide a good trade-off between the number of block
delays and the computational complexity. As a result, it is shown
that with the proposed method, the sampling rate conversion can
be realized more efficiently under a small number of block delays.
key words: multirate signal processing, sampling rate conversion,
overlap-add/ save method

1. Introduction

Sampling rate conversion[1],[2] widely used in sub-
band coding[3], adaptive signal processing[4], A/D
and D/A conversions[5] etc., is an important topic in
digital signal processing. A general model for sam-
pling rate conversion with a rational ratio of U/D is
shown in Fig. 1, where U and D are two positive inte-
gers. Note that the up-sampler inserts U —1 zero-samples
between every two adjacent samples of x(n), while the
down-sampler picks up only one out of every D sam-
ples of v(n) and discards the others. Therefore both
up-sampler and down-sampler result in redundant op-
erations, which should be avoided so that the sampling
rate conversion can be performed efficiently.

Several methods such as the extended overlap-add
and -save methods (EOLA and EOLS)[6] and the
polyphase repersentation method [7], which can avoid
the redundant operations, have been proposed. Among
these methods, the polyphase representation method can
avoid the redundant operations completely by segment-
ing the FIR filter h(n). However, when a higher-order
FIR filter is used, the computational complexity, which
is directly proportional to the order of the FIR filter,
may become very large.

In order to perform the FIR filtering efficiently,
block filtering techniques such as overlap-add and
-save methods (OLA or OLS) using FFT are of-
ten employed[8],[9]. Although computational sav-
ing can be achieved with these block techniques, an
additional input-output delay in proportion to the
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block size, called block delay in this paper, has to be
paid[10],[11]. When a high-order FIR filter is used,
the number of block delays becomes very large if a small
number of computations is desired. As a result, the real-
time realization becomes difficult in this case.

Therefore, the purpose of this paper is to reduce
both the computational complexity and the number
of block delays. To accomplish this, the polyphase
representation method and the generalized OLA and
OLS[11] are used. We show that it is possible, with
our proposed method, to make an optimal choice of
the block size so that a good tradeoff between the num-
ber of block delays and the computational complexity
can be achieved.

The paper is organized as follows: Sect.2 intro-
duces the polyphase representation for sampling rate
conversion. Section 3 shows the proposed method, and
Sect. 4 discusses the proposed algorithm under a special
condition. The conclusions are given in Sect. 5.

2. Polyphase Representation for Sampling Rate
Conversion System

2.1 Polyphase Representation

Consider the sampling rate conversion shown in Fig. 1.
It has been shown in[7] that, if U and D are mutually
prime numbers, such sampling rate conversion can be
implemented more efficiently by using polyphase repre-
sentation. Figure 2 shows the system structure with this
method.

In the figure, the input sequence z(n) is divided

into D subsequences defined by
zq(n) =z(—-d+nD), d=0,1,...,D—-1, (1

and the output sequence y(n) is divided into U subse-
quences, which are related to y(n) by
yu(n)=ylu+nlU), uv=0,1,...,U—-1. (2)

The FIR filter h, 4(n) is defined by

x(n) . s(n) - v(n) . y(n)

Fig. 1 General model for sampling rate conversion with a ra-
tional ratio of U/D.
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Fig. 2 The sampling rate conversion system structured by the
polyphase representation.
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where h(n) is the FIR filter in Fig. 1, and L is the length
of h(n). It can be seen that h, 4(n) are the polyphase
components of the FIR filter h(n) when h(n) is divided
into D x U FIR filters. Here we suppose that L is a
multiple of UD. This condition can always be satisfied
by padding sufficient zeros to the tail of h(n).

It can be seen from Fig. 2 that all FIR filters A, 4(n)
are at the lowest sampling rate side. This implies that
all redundant operations due to the sampling rate con-
version are avoided. However, when a high-order FIR
filter A(n) is used, the computational complexity, which
is directly proportional to the order of the FIR filter
h(n), may become very large.

2.2 FFT-Based Implementation and Block Delay

In this section, we show why the use of FFT causes
block delay, and the number of block delays in the sam-
pling rate conversion.

With OLA or OLS, the FIR filtering of z4(n) and
hu,q(n) in Fig. 2 can be performed in DFT-domain. In
this case, y,(n) is obtained as shown in Fig. 3 (a), where
H, q4(k) is the N-point DFT of h, 4(n). Note that the
output of the filtering and the filtering sum are respec-
tively denoted by y,, 4(n) and y,,(n) instead of y, 4(n)
and y,(n). This is because the FFT-based method
in Fig.3(a) segments z4(n) into blocks, an additional
input-output delay is resulted from the segmentation.
Let the number of the delays be denoted by ‘B, then
., 4(n) is related to y, 4(n) by y., 4(n) = yu.a(n — B).
Aécordingly, the following relatioﬁship holds:

y,(n) = yu(n — B), 4
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Fig. 4 Segmenting z4(n) into blocks.

where y,(n) is obtained from the filtering sum shown
in Fig.2, ie., yu(n) = ZdD:_Ol Yu,a(n), and vy, (n) is
obtained from the corresponding sum in the FFT ap-
proach shown in Fig.3(a), i.e., y,(n) = Zfz_ol Yo.a(n).

In Fig. 3(a), since both the ‘IFFT’ and ‘*fitting’ op-
erations are linear, they can be moved right to pass the
sum operation. This results in Fig. 3 (b), which has the
same input-output relationship with Fig. 3 (a).

In the following discussion, we show the procedure
for obtaining y,,(n) in Fig. 3 (b), and then lead the value
of B.

Step 1: Segment z4(n) into block sequences.

We assume that z4(n) = 0 for n < 0. Under this as-
sumption, z4(n) is segmented into blocks for OLA and
OLS as shown in Fig.4(b), and this segmentation cor-
responds to the multirate system in Fig.4(a)[12]. Here
N; 1s the amount of shift between two successive blocks,
and N, is the block size. For OLA N, = N, < N and
for OLS N, = N > N, where N is the DFT size (See
Eq.(24)). x4, 'q and @'y; (1 = 0,1,...,00) are the
vector representations of z4(n), zj(n) and z;;(n) re-
spectively, whose definitions will be given later. Note
that N, — 1 zeros are inserted to the left side of 4. The
reason is that N, — 1 samples have to be waited when
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the data sequence z4(n) is segmented into blocks of size
N;. The waiting is equivalent to inserting N, — 1 zeros
to the left side of xg4.

Now define z/,(n) as follows:

zhy(n) =x4(n— N, +1), n=0,1,...,00 5
then the i-th input block z7; ;(n) can be given by
zq,4(n) = z4(iNs +n),

n=0,1,...,N, — 1. (6)

Accordingly, @’y and #’4; (i =0,1,...,00), which are
the vector representations of zj(n) and z; ;(n) are de-
fined by

N;—1

2'g=1[0 0---0 24(0) zq(1)--]7 (7)
m/d,i = [5’3:11(0) 'Tii,i(l) e 'x:i,i(Nw - 1)]T' (8)

x4, which is the vector representation of z4(n), is de-
fined by

xg = [za(0) za(1) za(2)--". %)

Step 2: Compute the N-point FFTs of z,;,(n) (d =
0,1,...,D-1), multlply them by the N-point FFTs of
hya(n) (d=0,1,...,D—1), and then add the resulting
sequences together as follows:

D—1
=" X0, (k) Hy a(k),
d=0

k=01,...,N—1

(10)

where X, .(k) and H,4(k) are the N-point FFTs of
zy ,(n) and h,, 4(n) respectively.

Step 3: Perform the N-point IFFT of Y (k) to yield
Step 4: Fit y, ;(n) (i = 0,1,...,00) together to form
the overall output y/ (n) as follows:

o0
y;(n):ZwUJ(n—iNs), n=0,1,...,00 (1)
where
wyi(n) =y, ,;(n),n=0,1,...,N -1
for OLA, and
wyi(n) =y, ;(n+N—-N,),n=0,1,...,N; - 1

for OLS. Such fitting can be implemented as shown in
Figs.5(a) and (b), wherey’, ; (1 =0,1,...,00) and ¢,
are the vector representations of y, .(n) and y,,(n), i.e.,

Y'ui = Wui(0) yoi(1) -y i(N — n* (12)
Y = (0) v (1) (N -1 (13)

Now, let us show the value of B based on
the above discussion. According to the convolution-
multiplication property of DFT, Eq. (10) corresponds to
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the sum of the N-point circular convolutions: y,, ;(n) =
Zd o :cdz( n)®hya(n), n = 0,1,...,N — 1, where @
denotes N-point circular convolution operation. Fur-
thermore, according to the relationship between linear
convolution and circular convolution, Eq. (10) also cor-
responds to the following sum of the linear convolu-
tions:

yuz Zxdz

n—Nz

*hud )

~ N, N,—N,+1,...,N—1 (14)

where ‘*” denotes linear convolution operation, N, =
N, for OLA, and N, = N for OLS. Now substituting
Eq.(14) into Eq.(11), and using the following relation-
ship obtained from Egs. (5) and (6),

o0
zg(n— N +1) = Zx'dl(n —iNy),
=0
n=01,... 00 (15)
we get
D-1
Yl (n) = Z za(n — Ns + 1) x hy a(n) (16)
d=0

for both OLA and OLS. On the other hand, from Fig. 2
we have

D-1

yu(n) = D za(n) * hya(n). (17)
d=0

Obviously, yu(n) = yu(n— Ns+1). Therefore, the value
of B in Eq.(4) is

B=N,-1. (18)

Next, to lead the number of the delays in the final
output of the sampling rate conversion, let us show in
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Fig.6 the whole structure of the sampling conversion
system based on the FFT approach. In Fig.6, X'd,i,
H, 4andY’, ; are the vector representations of X7 ;(k),
H, a(k) and Y, (k) respectively, i.e.,

de,i = [Xél,i 0) X;,i(l) : "thi,i(N - 1)]T (19)

Hyg=[Hya(0) Hud(1) - Hua(N-1)]7  (20)

)

d
Y =1[Y,,(0) Yo ,(1)--- Y, (N-D]T. (1)

U,

It can be seen from Fig. 6 that the sampling rate of
y'(n) is U times the one of y,(n), therefore the N, — 1
delays in y.,(n) lead to U(N; —1) delays in 3'(n). Con-
sequently, the following relationship holds:

Yy (n) =y(n—-UN, - 1)). (22)

The U(N, — 1) delays are called block delays in this
paper. Let By be the number of block delays, then

By =U(N, —1). (23)

It is obvious that the number of block delays can be
reduced by choosing small input block size N,. How-
ever, choosing small input block size results in large
number of computations.

2.3 Relationship between Computational Complexity
and Block Delay

Suppose that all input samples have real values. It
can be seen from Fig. 6 that D N-point FFTs, U N-
point IFFTs, U x D x N complex multiplications and
(D —1) x U x N complex additions for Eq.(10) are
needed for every U x N, output samples of y'(n). For
OLA approach, other U x (N — N;,) real additions are
necessary because of the overlap-adding.
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Fig. 7 The relationship between the number of block delays
and the number of multiplications per output sample for U = 3
and D = 1. L is the length of the FIR filter h(n). DFT is com-
puted directly without using fast algorithm. The point marked
by empty circle corresponds to the minimum Mul.

For the filtering of the length-L/(UD) filter hy,_q4(n)
with the length-N; input block z, ;(n), the DFT size N
has to satisfy

N = N;+ L/(UD) (24)

because of wrap-around effects (Note that h, 4(n) is
noncausal for u/U +d/D = 1). Also from Egs. (23),
(24) can be rewritten to:

N = By/U +L/(UD) +1. (25)

Let Mul and Add respectively be the number of
real-valued multiplications and additions per output
sample of y’'(n), where we assume that a complex multi-
plication is done by three real additions and three real
multiplications[9]. Then Mwul and Add can be com-
puted as follows:

(D + U)u(N) + 3UDN/2

Mul = UN (26)
5 _ 1
Add — (D + U)a(N) JFUIJJVND(2 D)+ﬁ’ 27)

where ©(N) and «(N) denote the numbers of real mul-
tiplications and additions for N-point FFT( or IFFT)
respectively, and (3 is given by

8=

{ L/D for OLA 28)

0 for OLS

Since both N and Ny in Eqgs.(26) and (27) can be de-
termined by the number of block delays B;, Mul and
Add can be considered as the functions of By.

As an example, let U = 3 and D = 1. First, let us
consider the case without any FFT for the computation
of DFT. In Fig.7, we plot the Mul’s for L = 288, 648
and 1296, where L is the length of h(n). Note that for
every L, there is a minimum Mul (marked by empty cir-
cle). Let the minimum Mul be denoted by Mulp, and
let the number of block delays corresponding to Mulp
be denoted by Bp. We can see that B increases with
L monotonically, and Mul increases as By decreases in
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Fig. 8 The relationship between B; and Mul for U = 3 and
D =1, as the split-radix FFT is applied to the example of Fig. 7.

the range of By < By. Therefore, when small number
of block delays is required by the real-time system, Mul
becomes very large for high-order h(n).

Next, let us consider the case with an FFT. To take
a simple example, suppose that the DFT size N, which
should satisfy Eq.(24), is a power of 2 so that the split-
radix FFT[13] can be used. The Mul’s, Mulo’s and
Bp’s in this case are show in Fig. 8, where those sharp
increases on Mul are caused by the sudden increases of
the DFT size. As well as in Fig. 7, one can see that Bp
increases with L monotonically, and when small By is
required, Mul becomes very large, especially for large
L.

Although the above conclusions are derived for
multiplications, they also hold for additions. To sum
up, when small number of block delays is required, the
number of computations becomes very large for high-
order FIR filter h(n). Since both the number of block
delays and the computational complexity are well con-
cerned in the real-time system, a tradeoff between them
should be obtained, which is the purpose of our pro-
posed method.

3. New Implementation Method of FFT-Based Sam-
pling Rate Conversion

In this section, we use the generalized OLA and OLS
techniques[11] for the implementation of the sampling
rate conversion. These techniques, which were proposed
for ordinary FIR filtering, segment both input sequence
and FIR filter into blocks so that large-sized convolu-
tion of an input block with a high-order FIR filter can
be converted into small-sized convolutions.

3.1 New Implementation Method

Suppose that the length-L/(UD) filter h, 4(n) can be
divided into P FIR filters of length L, i.e.,

as follows:
P-1
hua(n) = > RE ,(n—pLs), (30)
p=0

1371
x(n) e Xxy(n)
X (n)
D
___@xo»l("l
(a) The whole structure .
vy, (n y,(n
D. Xoln) -h o e A p . o)
x,(n) ?
IO
\xp_l(n) . '

*

h tfbl-l (n)
(b) The structure for C,

Fig. 9 The structure of the sampling rate conversion system
when the FIR filter h, g(n) is segmented into P filters h?  (n)

(p=0,1,...,P—1) of length L, = L/(PUD). The input-output
relationship is the same as that of Fig. 2.

where h}, ;(n) is the pth segment of h, 4(n),

hzyd(n) =hyda(pLls +n), n=0,1,...,Ls —1.
(1)
Then the system structure of Fig.2 can be converted to
the one shown in Fig.9 according to the following in-
struction.
Using Eq. (30), we can compute y,(n) of Fig.2 as
follows:

=Y " za(n)x > _RP 4(n—pLy). (32)

Next, using the linearity property of convolution, we
have

za(n) * b, 4(n — pLs), (33)

Xd(z)Hgyd(z)}z'pL“, (34)
p=0 d=0
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where Y, (2), Xq(z) and H;, ,(z) are the z-transforms
of yu(n), xa(n) and hf, ,(n), respectively. Equation (34)
indicates that the convolution of z4(n) with h, 4(n) can
be converted into small-sized convolutions of z4(n) with
h% 4(n) for p = 0,1,..., P — 1. Therefore, the system
structure in Fig.2 can be changed to the one shown in
Fig.9, where y£(n) and y,(n) are obtained as follows:

D-1

yh(n) = > za(n) x b2 4(n), (35)
d=0
P-1

yu(n) = yﬁ(n - pLs)v (36)
p=0

according to Eq. (33).

Now let us implement C, of Fig.9(b) in DFT-
domain. Note that the structure for computing y(n)
in Fig.9(b) is similar to that for computing y,(n) in
Fig. 2, hence as y,,(n) can be obtained in FFT approach
as shown in Fig.6, so y¥(n) can be obtained similarly

as shown in Fig. 10, in which Hﬁyd, Y;’fi and y;’ji are
the vectors defined as follows:

H? , = [H] ,(0) H ,(1)-- - H ;(N — nr, GNn

Y2 =[50 YA VAN -7, (39

vl =Wl vl -y N =D, (39)
where H} (k) is the N-point DFT of A% ,(n), Y;f’i(k)
is computed by

D-1
Y,h(k) =S Xy (R HE k), k=0,1,...,N-1
d=0

(40)
and y.”,(n) is the N-point IDFT of Y,% (k).
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Fig. 11 The relationship among the block delay, the number
of multiplications per output sample, and the segmentation num-
ber of hy, q(n) for the PR-SC method, when U =3, D =1 and
L =1296. Here the split-radix FFT is used.

The method shown in Fig.9 is the proposed
method, called PR-SC method (PR: Polyphase Repre-
sentation, SC: Small-sized Convolution) in this paper.

3.2 Computational Complexity and Block Delay

According to Figs.9 and 10, we calculate the Mul
and Add for the sampling rate conversion with PR-SC
method as follows:

vul — (DA PUN) +3UDNP/2

N, (41)
_ (D+ PU)a(N)+UDNP(5 - §)
Add = N,
UP -1)(N —-L/PUD)+ 8
+ U, (42)

where § is given by Eq.(28), and the DFT size N is
given by

N 2 By/U + L/(PUD) + 1. (43)

Recall the example of Sect. 2.3, and let the length of
h(n) be 1296. Suppose that the split-radix FFT is used.
Figure 11 shows the Mul’s for P = 1, 2 and 3, where
P =1 corresponds to the conventional method shown
in Fig. 8. It can be seen that in the range of By < 110,
the proposed method for P = 2 requires fewer multipli-
cations, compared to the conventional one. For exam-
ple, given B; = 100, about 20% computational saving
can be achieved.

Similar conclusion can also be made for additions.
Thus, we can conclude that the proposed method can
trade off the number of block delays against the num-
ber of computations more easily when a small number
of block delays is required.

4. PR-SC Method Using Fewer IFFTs
4.1 Reducing the Number of IFFTs

In Fig. 10, P 1IFFTs are used. In this section, we show



ZOU et al: FFT-BASED IMPLEMENTATION OF SAMPLING RATE CONVERSION WITH A SMALL NUMBER OF DELAYS

Yiuln)

Xo(n)

X/(”)‘

xp.(n) |

Fitting

Fig. 12 Computing y, ,(n) with only one IFFT. The in-
put-output relationship is the same as that of Fig. 10.

that if L, which is the length of h” 4(n), is a multi-
ple of Ng, only one IFFT is needed and C, can be
implemented with the structure shown in Fig.12.

Let us consider the OLA case at first. In Fig. 10,
the output sequence y/,(n) is obtained by

P-1
=Y uP(n—pLs),

p=0

n=0,1,...,00, (44)

where y;P(n) (p =0,1,...,P
fitting y,”; according to Eq.(11), i.e,

0
P n) = Zyul,)z(n

— 1) can be formed by

n=20,1,...,00. (45)
i=0
Substituting Eq. (45) into Eq. (44) yields
P-1 o0
= Z Zyui,)i(n — N, —pLs),
p=0 i=0
n=0,1,...,00. (46)

Next, note that the DFT products in Eq.(40) corre-
spond to the following convolution sum,

D-1
P(n)= Zxﬁil(n) * hZﬁd(n), n=0,...,N—1
d=0
(47)
Substituting Eq. (47) into Eq. (46) yields
P-1 00 D-1
= 22D @il = iy = pLy) i, 4(n).
p=0i=0 d=0

(48)

Now suppose that L, is a multiple of N, i.e,

1373

L, =KN,, (49)

where K is a positive integer. Then Eq. (48) becomes

P—-1 00 D-1

)=2.2.) ailn

p=0i=0 d=0
P-1 o D-1

=22 D Taipk(n

p=0i=pK d=0

(i +pK)) * b 4(n)

—iN) x hy, 4(n).

(50)

Since mé,i_px(n — iN;) = 0 for i < pK, the range
of i can be changed from i = pK,pK + 1,...,00 to

1=0,1,...,00, and accordingly, Eq. (50) can be rewrit-
ten to
oo P-1D-1
= Z ,’E:i’z pK Ns)*hz’d(n).
i=0 p=0 d=0
(51)
On the other hand, from Eq.(11) we have
o0
=Y y,i(n—iN,). (52)
=0
Comparing Eq. (51) with Eq.(52), we get
P-1D-1
Yy i(n) = Ty i—pi () * b, 4(n). (53)
p=0 d=0

Xaipr (K)H 4(k),

k=0,1,...,N —1. (54)

Similarly, one can prove that Eq. (54) also holds in
the OLS case.

According to Eq. (54), we can lead the structure of
Fig. 12, which has the same input-output relationship
with Fig. 10 but uses only one IFFT.

4.2 Computational Complexity and Block Delay

Now let us consider the computational complexity and
the block delay. According to Egs.(49) and (29), N,
should satisfy

N, = L/(KPUD). (55)

Thus the number of block delays in this case is limited
by

By=L/(KPD)-U. (56)
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Table 1 The possible choices of K, and the corresponding
number of block delays.
P=2 P=3
K By | K By K By | K By
T 645] 18 33 || I 429 16 24
2 21|24 24| 2 23]18 2
3 213 | 27 21 3 141 | 24 15
4 159 36 15| 4 105]36 9
6 105| 54 9 | 6 69 |48 6
8 718 | 72 6 8 S5t |72 3
9 69 | 108 3 9 45
1251 1233
200 T r r . : :
180 Conv. Meth, (P = 1) —
160 [ Prop. Meth.{l): P =2 —--- -
140 [, Prop. Meth.(Il}: P=2 = 4
& 120 B3 N Prop. Meth.(ll):P=3 =
S 100 BN ;
= 80 F AN
60 | SalTu
40 =
20E 1 1 1 1 1 T

50 100 150 200 250 300 350
Block Delay:Bq=U(N;s-1)

Fig. 13  The relationship among By, Mul and P for the con-
ventional and the proposed methods, when N, = L/(KPUD),
L = 1296, U = 3 and D = 1. Here the split-radix FFT is used.
(Conv.: Conventional, Prop.: Proposed, Meth.: Method)

Next according to Figs. 12 and 9, we compute the Mwul
and Add as follows:
(D+U)u(N)+3UDNP/2
UN,
(D+U)a(N)+UDNP(2 - Z5)+ 8
UN,

Mul = (57)

Add =

(58)

where 8 = L/(PD) for OLA, 3 =0 for OLS, and N is
given by

N 2 By/U + L/(PUD) + 1. (59)

Consider the example of Sect. 3.2 again. In Table I,
we list all possible choices of K, and the corresponding
numbers of block delays, for P = 2 and 3.

Suppose that the split-radix FFT is used again.
The comparison of Mul’s of the conventional and
the proposed methods is show in Fig. 13, where
Prop.Meth.(I) and (II) denote the proposed methods
of Sect.3 and this section respectively. It can be seen
that Prop.Meth.(I) with P = 2 requires fewer multipli-
cations in the range of By £ 105, and Prop.Meth.(11)
with P = 3 does in the range of B; > 105. Therefore,
we can say that Prop.Meth.(Il) is more efficient than
the other methods under fewer number of block delays.
As an example, let By = 105, Prop.Meth.(II) can re-
duce the number of multiplications by 28.3% compared
to Prop.Meth.(I), and by 42.3% compared to the con-
ventional method.
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From this discussion, we can see that a good
tradeoff between the number of block delays and
the computational complexity can be achieved with
Prop.Meth.(II).

5. Conclusions

We have investigated the relationship between the block
delays and the computational complexity of the sam-
pling rate conversion implemented in DFT-domain,
and have presented two new implementation approaches
that can avoid the redundant operations and moreover
achieve a good tradeoff between the number of block
delays and the computational complexity. It has been
shown that the sampling rate conversion with our pro-
posed methods can be realized more efficiently under a
small number of block delays.
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