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SUMMARY This paper proposes a fast implementation
technique for RLS adaptive ﬁlters. The technique has an adjustable parameter to trade the throughput and the rate of convergence of the ﬁlter according to the applications. The conventional methods for improving the throughput do not have this
kind of adjustability so that the proposed technique will expand
the area of applications for the RLS algorithm. We show that
the improvement of the throughput can be easily achieved by rearranging the formula of the RLS algorithm and that there are
no need for faster PEs for the improvement.
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1.

Introduction

In this paper we propose a fast implementation technique of the recursive least squares (RLS) adaptive digital ﬁlters (ADFs) [1], [2]. This technique has an adjustable parameter so that we can trade the throughput of the ﬁlter (the total number of its output samples
over a unit time) and the rate of convergence.
As a method to improve the throughput of an
ADF, the pipeline technique is well known and widely
used. Many architectures for the pipelined implementation of the least mean square (LMS) ADFs have
been proposed [3]–[10] and using these architectures,
LMS ADFs can be operated at desired throughput levels. The rates of convergence of them however are
smaller than those of RLS ADFs, whose throughput
rate is lower because of their computational requirements. Faster rate of convergence of RLS ADFs makes
them attractive for some applications so that the improvement of throughput of them is desired.
For pipeline implementation of the RLS ADFs the
systolic-array (SA) structures has been considered as
a promised solution [1], [11], [12]. The SA structure is
suitable for implement in VLSI because of its regularity
[1]: An SA is made up of cells with the same structure
and signals are passed through from one cell to the
next. The SA structure improves the throughput of
RLS ADFs, but it lacks ﬂexibility and requires us to
prepare all the processing elements (PEs) (e.g., multipliers). Once it is implemented in VLSI, parameters
such as ﬁlter length cannot be adjusted. If we want
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to improve the throughput further, we must use faster
PEs which will cost more.
As an alternative method, the pipelined Kalman
(PIPKAL) algorithms has been proposed [13]. This algorithm does not require specially designed cells and
can be implemented by adding delay elements to the
standard RLS ADF. It is more ﬂexible than the SA
structure and allows us to reuse PEs, which reduces
their numbers. This feature is suitable to implement
it using programmable devices such as FPGA or digital signal processors (DSPs). Even if we use PIPKAL,
however, we must use faster PEs to obtain further improvements in throughput. Moreover, there is computational redundancy in the PIPKAL formula [14].
In this paper, we propose a novel technique for
implementing RLS ADFs. Using the technique we can
trade the throughput and the rate of convergence of the
ﬁlter according to the number of available PEs and/or
the desired throughput rate. The proposed technique
rearranges the RLS algorithm formula to produce several output samples during one update of the ﬁlter coeﬃcients. Throughput can thus be improved without
the need for faster PEs. Proposed technique is more
eﬀective when we are using several PEs simultaneously
and their number is limited or when the ADFs are implemented on DSPs.
This paper is organized as follows. In Sect. 2, we
summarize the notation and adaptive model used in
this paper, and a review of the RLS algorithm is given.
The proposed technique is described in Sect. 3. Consideration of the proposed technique through computer
simulation is given in Sect. 4.
2.

Standard RLS Algorithm

First, let us review the standard RLS algorithm [15].
We also summarize the notations and give the adaptive
model used in this paper.
2.1 Notations and Adaptive Model
In the following, w(n) and u(n) denote the coeﬃcient
vector of the ADF and its tap-input vector respectively,
and they are deﬁned as
w(n) = [w0 (n) w1 (n) . . . wN −1 (n)]T
u(n) = [u(n) u(n − 1) . . . u(n − N + 1)]T

(1)
(2)
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where N indicates the length of the ADF and T shows
the transpose operation. The desired signal is denoted
by d(n).
We assume that there is a true weight wopt which
satisﬁes the equation
d(n) = uT (n)w opt + η(n)

(3)

where η(n) shows the output noise [16]. In the following consideration, we assume wopt is a time-invariant
system. We also assume all the signals are real for simplifying the notations.
2.2 Formula
The formula of the RLS algorithm is given as
k(n) =

λ−1 P (n − 1)u(n)
1 + λ−1 uT (n)P (n − 1)u(n)

(4)

y(n)
ξ(n)
w(n)
P (n)

w T (n − 1)u(n)
d(n) − y(n)
w(n − 1) + k(n)ξ(n)
λ−1 {P (n − 1) − k(n)uT (n)P (n − 1)}

(5)
(6)
(7)
(8)

=
=
=
=

where the following variables are used:
λ
· · · Forgetting factor (0 < λ ≤ 1)
k(n) · · · Kalman gain vector
P (n) · · · Inverse of autocorrelation
matrix of u(n)
and the superscript −1 shows the inverse of a matrix
or a vector. A conﬁguration of the RLS algorithm is
shown in Fig. 1.
It is known that the standard RLS algorithm requires 2N 2 + 6N multiplications [2], [17] and an ADF
must perform these calculations at each time n to produce an output sample y(n). This means that if we
want double the clock rate of u(n) then each calculations should be performed at twice as faster speed.
Note that the symmetric property of P (n) is counted
to evaluate the required calculations.

3.

Proposed Technique

Here, we describe the proposed implementation technique. We ﬁrst show the basic idea of the proposed
technique and then we consider an implementation
method for the idea.
3.1 Basic Idea
First, we describe the basic idea of the proposed technique. From Fig. 1, we notice that the conﬁguration
of the RLS algorithm can be divided into two blocks:
Namely (i) the ﬁltering block (FB) and (ii) ﬁlter update block (UB). We can see from the ﬁgure that these
two blocks can perform independently.
It is obvious from this ﬁgure that only the FB is
required to produce the output signal y(n) of the ﬁlter
and the throughput of the ﬁlter is mainly determined by
this block regardless of the accuracy of the adaptation.
On the other hand, the UB contributes to the rate of
convergence.
In the conventional conﬁgurations of RLS ﬁlters,
these two blocks perform their works dependently. In
other words, FB produces the output sample y(n) only
after UB updates ﬁlter coeﬃcients w(n). Therefore,
the throughput of the ﬁlter depends on the number of
calculations in both FB and UB.
This fact shows that if FB produces several output
samples y(n) during one update interval we can improve
the throughput of the ﬁlter without the need for faster
PEs. Note that this idea may slightly degrade the rate
of convergence.
We conclude that we can improve the throughput
of the RLS ADFs by independently drive the two blocks
if we accept a slight degrade of the rate of convergence.
3.2 Implementation Procedure
Based on the above idea, we propose the following procedure to implement the RLS ADFs:
1. Separate the FB and UB calculations of the RLS
ADFs:
• Calculation of FB
y(n) = uT (n)w(n − 1)

(9)

• Calculation of UB

Fig. 1 Conﬁguration of ADF based on RLS algorithm. It can
be divided into two blocks: ﬁltering block (FB) for calculating
y(n) and update block (UB) for updating (n) according to u(n)
and ξ(n).

w

Φ(n) = P (n − 1)u(n)
1
k(n) =
Φ(n)
T
λ + u (n)Φ(n)
ξ(n) = d(n) − y(n)
w(n) = w(n − 1) + k(n)ξ(n)
P (n) = λ−1 {P (n − 1) − k(n)Φ(n)}

(10)
(11)
(12)
(13)
(14)
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Note that the standard RLS ADFs calculate all of
these equations at each time n.
2. Determine the ratio L of improvement in the
throughput. Note that L may be determined according to the acceptable amount of calculations
per each time n and/or the desired throughput
rate.
3. Insert the calculations of FB into those of UB according to L. For example, if L is 3 the calculation
at each time will be as the following:
• At time n = i:
y(n) = uT (n)w(i − 1)
Φ(i) = P (i − 1)u(i)
ξ(i) = d(i) − y(i)

(15)
(16)
(17)

• At time n = i + 1:
y(n) = uT (n)w(i − 1)
1
Φ(i)
k(i) =
T
λ + u (i)Φ(i)

(18)
(19)

• At time n = i + 2:
y(n) = uT (n)w(i − 1)
w(n) = w(i − 1) + k(i)ξ(i)
P (n) = λ−1 {P (i − 1) − k(i)Φ(i)}

(20)
(21)
(22)

Note that at each time n the output y(n) will
be calculated using the same w(i − 1) during
L (= 3 in this example) times. We, therefore, can say that the proposed technique uses
decimated tap-input vectors by factor L for
updating w(n).
Although the proposed technique improves the
throughput of RLS ADFs the rate of convergence of the
ﬁlter is degraded at the same time. However, the rate of
degradation is proportional to L provided the unknown
system is time-invariant or slowly varying. Therefore,
L can be regarded as a parameter to trade the throughput and the rate of convergence of an ADF. Note that
this improvement does not require to increase the speed
of each calculation so that the same PEs can be used
to implement an ADF with improved throughput performance.
We provide a brief consideration on the convergence of the proposed technique in Appendix.
4.

4.1 Improvement of Throughput
Let us consider the improvement of the throughput using the proposed technique. Note that here we estimate
the throughput of the ﬁlter in terms of the number of
multiplications.
By carefully inserting the calculations of FB as described in Sect. 3.2, the required amount of calculations
for producing an output sample can be decreased. For
this decrement extra (L−1)N multiplications and additions are required. Note that L−1 instead of L because
the original RLS algorithm includes the calculation for
producing one output sample (see Sect. 2.2).
Hence, the total number of multiplications required to produce L samples of the output y(n) becomes
Ttotal = 2N 2 + 6N + (L − 1)N.

(23)

In this equation, we counted the symmetric property
of P (n) [2]. The average number of multiplications per
one output sample becomes
Ttotal
L


2 2
5
= N + 1+
N.
L
L

Tave (L) =

(24)

We can calculate the total number of addition in the
same way. Using this equation, we can estimate the
throughput of the ﬁlter as the following.
In Fig. 2, we show the relation between the value
of L and the average number of multiplications Tave
per one output sample y(n) with varying the length of
ﬁlter. From the ﬁgure, we see that Tave (L) decreases
for the range L = 2 ∼ 10.

Consideration and Simulation Results

In this section, we consider the eﬀectiveness of the proposed technique. First, improvement of the throughput is conﬁrmed. Then, we provide some results of
computer simulation to show the eﬀect on the rate of
convergence.

Fig. 2 Relation between values of L and the average number of
multiplications per one output sample y(n). Four diﬀerent ﬁlter
length N was used: N = 20, 45, 70, 95.
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Fig. 3

Fig. 4 Results of simulation under stable environment. The
rate of convergence become smaller as L increases. The throughput of the ﬁlter, however, is increased proportionally to L (see
Sect. 4.1).

Relation between values of φ and L.

The throughput of a ﬁlter can be considered to be
in proportion to the inverse of the number of calculations for producing an output sample. Therefore, for
the index to show the improvement of the throughput,
we deﬁne the ratio of the required number of multiplications as
Tave (L)
Tave (1)
2N 2 /L + (1 + 5/L)N
=
2N 2 + 6N
2 + L/N + 5/N
=
L(2 + 6/N )

def

φ =

(25)

where Tave (1) shows that of the standard RLS algorithm. When the condition N  L is satisﬁed (25)
becomes
1
(26)
φ∼ .
L
This equation shows that the required number of multiplications for producing one output sample is reduced
by L. Therefore we can roughly estimate the ratio of
improvement of the throughput as the inverse of φ,
namely, it is in proportion to L.
Let us conﬁrm this result through the calculation
of (25). In Fig. 3, we show the value of φ. Note that the
values of φ for diﬀerent N are very close so that Fig. 3
contains only those of the case of N = 20. Conversely,
the eﬀect of the proposed technique does not depend
on the length of the ﬁlter.
From the ﬁgure, we can say that the improvement
of the throughput can be roughly estimated as
φ−1 ∼ L

(27)

for small values of L. This implies that when L = 2 the
throughput of the ﬁlter is doubled, and when L = 4
four times. Note that this improvement can be done
without the need for faster PEs.

4.2 Rate of Convergence
Next, we consider the eﬀect of the proposed technique
on the rate of convergence of the ﬁlter through the computer simulations.
We programmed systems identiﬁcation problem
with the unknown system of FIR ﬁlter whose length
was 21. The ADF was also an FIR ﬁlter with the length
N was 21. We compared the three algorithms, the proposed, the RLS, and the normalized LMS (NLMS) algorithms. We prepared two situations: (i) the unknown
system was a time-invariant one, and (ii) the unknown
system was a time-varying one by changing it at certain
time to show the behavior of the proposed method in
unstable environments.
We used the following values for parameters: the
forgetting factor λ was 0.95 for the proposed and the
RLS; α for the NLMS was 1; and L was 2, and 4 for
the proposed. The input signal was AR(1) process with
the AR coeﬃcient a0 was 0.95; and the white noise was
added to d(n) and the signal to noise ratio was 60 dB.
The results are shown in Fig. 4 and Fig. 6 and they
are ensemble averages of 10000 independent processes
for stable environment, and 40000 for unstable one.
Figures 4 and 5 show the results in the time-invariant
environment, and Fig. 6 those in the time-varying one.
4.2.1

Stable Environments

Figure 4 shows the results under the stable environment, and in Fig. 5, a detail of Fig. 4 is shown. From
these ﬁgures, we can see the performance of an ADF
using the proposed technique under the stable environments. We can conﬁrm that the rate of convergence
of the proposed method is slowed proportional to L
times compared with that of the RLS: namely, the rate
is doubled for the case of L = 2 and four times for
L = 4. We must note that even the rate of convergence
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is reported in references [18], [19].
5.

Conclusion

In this paper, we proposed a fast technique for implementing the RLS ADFs which enables us to trade the
throughput and the rate of convergence. We can adjust
them according to the available amount of PEs and/or
the desire throughput rate by varying the parameter L.
Moreover, we showed that we can improve the throughput with no need for faster PEs. We can say that the
proposed technique is suited for implementation of the
RLS ADFs on FPGA or DSP chips.
Fig. 5 Detail of simulation results under stable environment
shown in Fig. 4.
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Fig. 6 Results of simulation under time-varying environment.
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Appendix:

Consideration on Convergence of
Proposed Technique

Here, we brieﬂy consider the convergence of the proposed technique. Let us consider the cases of stationary
environments. We assume that there is a true weight
w o such that the output d(n) is given as
d(n) = uT (n)w o + η(n)

(A· 1)

where η(n) is the component of d(n) that is uncorrelated with u(n) [16]. In the following, however, we
neglect η(n) in the sake of simplicity of description.
When the RLS algorithm is used, the optimum ﬁlter is given as
hopt = R−1 (n)p(n)

(A· 2)

where R(n) and p(n) are deﬁned as
R(n) =
p(n) =

n

i=0
n


u(i)uT (i)

(A· 3)

u(i)d(i).

(A· 4)

i=0

By combining (A· 4) with (A· 1), p(n) can be rewritten
as
p(n) =
=

n

i=0
n


u(i)d(i)
u(i)uT (i)wo

i=0

= R(n)wo

(A· 5)

and then, the optimum ﬁlter is simply given as
hopt = R−1 (n)R(n)wo
= wo
(A· 6)
when the RLS algorithm is used.
In the proposed technique, the optimum ﬁlter is

given as
h̃opt = R̃

−1

(n)p̃(n)

where R̃(n) and p̃(n) are deﬁned as
m

R̃(n) =
u(iL)uT (iL)
p̃(n) =

i=0
m


u(iL)d(iL).

(A· 7)

(A· 8)
(A· 9)

i=0

Under the assumption of (A· 1), we can apply the same
manipulations as (A· 5) and so that, the optimum ﬁlter
is given as
h̃opt = w o = hopt .

(A· 10)

Thus we can conclude that under the stationary environments, the proposed technique will converge to the
identical optimum ﬁlter as the RLS algorithm.
Next, we consider the cases of non-stationary environments. In this case, (A· 1) does not hold and
the tracking property of the proposed technique varies
depending on the value of L as demonstrated in
Sect. 4.2.2. We can say that when the environment is
slowly varying then the proposed technique can track
it. On the other hand, if the environment varies quickly
then the proposed technique probably fails to track it
and loses its eﬀectiveness.
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