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SUMMARY In this paper, we propose the multirate repeating method for alias free subband adaptive ﬁlters (AFSAFs) and
consider its convergence property. It is shown that we can adjust
the convergence speed and the ﬁnal error of the adaptive ﬁlters
by varying its two parameters according to the requirements of
the applications where the method is applied. The proposed
method has two parameters, namely, the number of channel and
the number of repetition. We show that by increasing the number of channels we can reduce the ﬁnal error, and this property
is preferred when the signal-to-noise ratio (SNR) is low. On the
other hand, we show that the convergence speed of the AFSAF
approaches to that of the aﬃne projection algorithm (APA) by
increasing the number of repetition. Through the computer simulations, we show the eﬀect of the proposed method.
key words: subband apaptive system, alias free, normalized
LMS, multirate repeating method

1.

Introduction

This paper proposes a new method for increasing the
rate of convergence of the adaptive ﬁlter based on the
alias free subband adaptive ﬁler (AFSAF) structure [2].
The proposed method uses the concept of the multirate
repeating method (MRM) [1] that can increase the rate
of convergence of the conventional subband adaptive
ﬁlters.
The AFSAF is a recently proposed structure of
subband adaptive system [2]. The major advantage of
the AFSAF is that the system is not aﬀected by the
aliasing components generated in the decimation process. However, its convergence speed is slower than
that of the aﬃne projection algorithm (APA) when the
input signal is highly correlated. The APA [3]–[6] is
a variant of the LMS algorithm and it is known that
it can improve the rate of convergence when the input
signal is highly correlated. The APA uses the concept
of orthogonal projection, and one can select the order
of APA when implement it. By increasing the order, a
higher order AR process can be decorrelated.
Although the APA enables us to decorrelate the input process, it is known that the APA is largely aﬀected
by the additive noise [7]. Moreover, the APA requires
the matrix inversion to implement so that the required
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computational complexity becomes larger as the order
increases. Note that fast APAs are proposed so far [4]–
[6], however, there exist some numerical problems when
the short word-length is used to implement.
In order to increase the convergence speed, in this
paper, we consider applying the concept of the MRM
for the AFSAF system. The MRM [1] is a method
for improving the convergence speed of the subband
adaptive systems using the redundant data discarded
in the decimation process. However, we cannot apply the MRM directly to the AFSAF system because
its decimation operations work in a diﬀerent way from
those in the conventional subband adaptive systems.
Therefore, we propose a method that enables us to apply the concept of the MRM for AFSAF system. For
that purpose, we show an equivalent representation of
the AFSAF using a fullband adaptive ﬁlter. Then, the
proposed method is derived by transforming the formula used in the AFSAF for adaptation based on the
representation.
The proposed method has two parameters; namely
the number of channels and the number of repetition.
We show that by adjusting these parameters we can
increase the rate of convergence, or decrease the ﬁnal
errors, or both. We show the following points in this
paper: (1) the convergence speed of the AFSAF approaches to that of the APA as the number of repetition increases. (2) On the other hand, we can suppress
the eﬀect of additive noise by increasing the number
of channels. Therefore, we can adjust the convergence
characteristics by selecting a suitable value for the number of repetition and the number of channels according
to the environments where the proposed method is applied.
This paper is organized as follows. In the next
section, we give a brief description of the conventional
methods. The proposed method is then described in
Sect. 3. We provide some results of computer simulation using the proposed method in Sect. 4. From the
results we conﬁrm its eﬀects. Further, we consider the
computational complexity for implementing the proposed method.
2.

Review of Conventional Methods

Here, let us review the conventional methods, namely,
the alias free subband adaptive ﬁlters, multirate repeat-
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Fig. 1 Conﬁguration of the system identiﬁcation considered in
this paper.

ing method, and aﬃne projection algorithm as a preparation.
Before that, we summarize the notations used in
this paper. We use u(n) and d(n) to indicate the input and desired signals at time n respectively. Column
vectors u(n) and w(n) are used to indicate tap-input
vector and the coeﬃcients of the adaptive ﬁlter, and
they are deﬁned as
u(n) = [u(n) u(n − 1) . . . u(n − N + 1)]T
w(n) = [w0 (n) w1 (n) . . . wN −1 (n)]T

(1)
(2)

where wi (n) is i-th impulse response of adaptive ﬁlter
w(n) and N shows the length of w(n). Note that we
only consider the tapped delay line structure.
In Fig. 1, we show the system identiﬁcation model
considered in this paper. In this ﬁgure H(z) and d(n)
are the transfer function of the unknown system and
the desire signal respectively.


wj (n) =

w0 (n, j/2) (j: even)
w1 (n, j/2) (j: odd)

(4)

where wi (n, m) is the m-th impulse response of w i (n).
H0 (z) and H1 (z) are the transfer functions of analysis ﬁlters. The conventional method suggests [2] to use
the cosine modulated paraunitary ﬁlter banks as Hi (z).
Coeﬃcients of the adaptive ﬁlters are updated using error signals e0 (n), e1 (n), which are expressed as
ei (m) = yi (m) −

M
−1


xTik (m)w k (m)

(5)

k=0

where xik (n) is deﬁned as
xik (m) = [xik (m) xik (m−1) · · · xik (m−P +1)]T (6)

2.1 Alias Free Subband Adaptive Filter
In Fig. 2, a conﬁguration of the alias free subband adaptive ﬁlter is shown. The ﬁgure shows the case when the
number of channel M is two (M = 2) for simplifying the
description. We used, in this paper, two time-indexes n
and m where m shows the time index of down sampled
signals.
In the ﬁgure, w0 (n) and w 1 (n) shows the coeﬃcient vectors of adaptive ﬁlters. Note that each channel
uses the same adaptive ﬁlters, i.e., w 0 (n), and w 1 (n)
in this case. Let us denote the ﬁlter coeﬃcients vector
w i (n) as
wi (n) = [wi (n, 0) wi (n, 1) · · · wi (n, P − 1)]T
0≤i<M

Fig. 2 Conﬁguration of the AFSAF when the number of
channel is two. D shows a unit delay.

(3)

where P shows the length of the ﬁlters and wi (n, m)
shows the m-th impulse response of wi (n). We assume
that the lengths of each ﬁlter {w i (n) : 0 ≤ i < M } are
P and P is an integer multiple of M for simplifying the
consideration.
We should note that w i (n)(0 ≤ i < M ) are the
polyphase components of the adaptive ﬁlter w(n) in
Fig. 1 and the relation between them are given as

and it shows the input vector of k-th polyphase components of i-th subband. The cost function of the AFSAF
is deﬁned as [2]
M −1


2
J(m) = E
αi ei (m)
(7)
i=0

where E[·] shows the expectation operator, and αi is a
constant proportional to the inverse of the power of the
input signals of w i (m) [2].
The ﬁlters are updated based on the LMS algorithm:
M −1


αi ei (n)xik (n) (8)
w k (m + 1) = w k (m) + µ
i=0

where µ shows the step-size parameter of the LMS algorithm, and it should be determined to ensure the
convergence of wi (m).
Readers should notice that the polyphase structure
used in the AFSAF system is only for reducing its computational complexity. Also, it may not be a subband
adaptive system in the sense that each subband is not
independent of other subbands.
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LMS algorithm and its selectable range for ensuring the
convergence of the algorithm is given [9] as
0 < α < 2.

(11)

Note that the range for α is determined independently
of the input signal.
2.4 Formula of the APA
Fig. 3 Conﬁguration of multirate repeating method (i-th
channel).

In the APA, the coeﬃcients of an adaptive ﬁlter are
updated according to the following equation [3], [5]:
w(n + 1) = w(n) + δ(n)
In this equation, δ(n) is deﬁned as

2.2 Multirate Repeating Method [1]
Multirate repeating method (MRM) is a method for increasing the convergence speed of the subband adaptive
ﬁlter [1]. In a subband adaptive system, the input and
the desired signals are decimated before being fed into
adaptive ﬁlters. The MRM uses the redundant data
generated in the decimation processes. In Fig. 3, a conﬁguration of the i-th channel of the subband system
using MRM is shown.
As shown in this ﬁgure, we can obtain R diﬀerent
input sequences with diﬀerent decimation timing where
R is an integer. In the conventional subband adaptive
system, only one of these sequences, say ui,0 (n), is used
for adaptation.
On the other hand, the MRM uses R sequences.
Namely, the adaptive ﬁlter is updated using the ﬁrst
sequence ui,0 (n), then using ui,1 (n) and so forth. As a
consequence, we can update the adaptive ﬁlter R times
in a unit time compared with that of the system without
the MRM. It is shown that this increment of update
number results in the increase of the rate of convergence
when applied to the LMS algorithm [1].
2.3 Normalized LMS Algorithm as a Special Case of
APA
As mentioned in the introduction, we compare the convergence characteristics of the AFSAF with that of the
aﬃne projection algorithm (APA). Therefore, we review the APA next. As described in the following, the
APA can be regarded as a generalized form of the normalized LMS (NLMS) algorithm [8]. Therefore, we ﬁrst
give the formula of the NLMS algorithm.
In the NLMS algorithm, the ﬁlter coeﬃcients are
updated according to the following equation:
w(n + 1) = w(n) + u(n)e(n)

α
uT (n)u(n)

(9)

where e(n) is the error signal deﬁned as
e(n) = d(n) − uT (n)w(n).

(12)

(10)

α in (9) corresponds to the step-size parameter of the

δ(n) = X(n)g(n)

(13)

where
X(n) = [u(n), u(n − 1), · · · , u(n − p + 1)]
g(n) = R̃

−1

(n)e(n)

T

R̃(n) = X (n)X(n)
e(n) = d(n) − X(n)w(n)
d(n) = [d(n), d(n − 1), · · · , d(n − p + 1)]T

(14)
(15)
(16)
(17)
(18)

and p is the order of the projection. Equation (12) uses
the information at time n through n − p + 1, and therefore, we call the APA expressed by the above equations
as p-th order APA algorithm, and denote it as AP(p).
By comparing Eqs. (9) and (12), we can see that the
normalized LMS (NLMS) algorithm can be regarded
as the ﬁrst order APA, or AP(1) [4], [5].
It is known that the AP(p) improves the rate of
convergence provided that the input signal can be modeled as an AR(p) process [3]. For higher order AR processes, we must increase the order of AP. The computational complexity however increases as the order p
increases because it requires the matrix inversion as
shown in (15). Note that some fast algorithms for
higher order AP have been proposed [4], [5]. However,
there might be some numerical problems in those algorithms when the word-length is short. Because those
fast algorithms use the similar formula to those of the
fast RLS algorithms [10] that are known to be aﬀected
by the word-length used to implement the algorithm.
On the other hand, as we will explain in the following
section, the proposed method is based on the LMS algorithm which is known to be numerically robust [9].
Therefore, we can say that the proposed method is preferred in the view of the robustness to the word-length.
3.

Proposed Method

We describe the proposed method in this section. First,
we consider the selection of the analysis ﬁlters for the
proposed method. Then, application of the MRM for
AFSAF will be considered.
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bi (n) = [bi (n) bi (n − 1) . . . bi (n − N + 1)]T (27)
3.1 Selection of the Analysis Filters
Let us describe the proposed selection of analysis ﬁlters
Hi (z).
In this paper, we propose to use the elements of
Hadamard matrix as the coeﬃcients of the analysis ﬁlters Hi (z). The Hadamard matrix is a square one and
its elements are either 1 or −1, and its rows are orthogonal to each other. These characteristics of the
Hadamard matrix enables us to implement the proposed method with small increase in computational
cost.
For example, we show the Hadamard matrix of size
2 × 2:


1
1
(19)
1 −1
We can easily show that each row are mutually orthogonal. From this matrix, we can constitute analysis ﬁlters
Hi as [11]
−1

H0 (z) = 1 + z
H1 (z) = 1 − z −1

(20)
(21)

For the four channel case, we can obtain the transfer functions of the analysis ﬁlters using (20) and (21)
as
H4,0 (z)
H4,1 (z)
H4,2 (z)
H4,3 (z)

=
=
=
=

H0 (z)H0 (z 2 )
H0 (z)H1 (z 2 )
H1 (z)H0 (z 2 )
H1 (z)H1 (z 2 )

(22)
(23)
(24)
(25)

3.2 Equivalent Expression of AFSAF
Next, let us consider applying the MRM to the AFSAF system. However, we cannot apply the idea of
the MRM directly to the AFSAF because in the AFSAF, bi (n) is not decimated sample by sample as in the
standard subband adaptive system as mentioned in the
previous section. Hence, we should modify the MRM
to suit for AFSAF.
For that purpose, we should express decimation
operation shown in Fig. 2 in another way. First, let us
express the output signal bi (n) of Hi (z) deﬁned as
L−1


hi, u(n − )

bi (n) bi (n + M ) bi (n + 2M ) · · ·

(28)

and this is the diﬀerence from the standard subband
adaptive ﬁlters.
Thus, using (2) and (27), the output signal yi (m)
of w(m) is deﬁned as
yi (m) = bTi (m)w(m)

(29)

and then the error signal in i-th channel ei (m) is given
as
ei (m) =

L−1


hi,k d(n − k) − yi (m)

k=0

= di (m) − yi (m)

(30)

where di (m) is the desired signal in i-th channel.
Thus, we can express the updated formula in the
conventional AFSAF using these quantities as
w(m + 1) = w(m) +

M
−1


µαi ei (m)bi (m).

(31)

i=0

where H4,i (z) shows the analysis ﬁlters of four channel cases. By repeating this procedure, we can easily
increase the number of subbands.

bi (n) =

where N is the length of w(n). In the AFSAF system,
we can think the decimation process decimates the input vector bi (n) instead of the input sample bi (n). In
other word, the input vector to the adaptive ﬁlter w(m)
can be expressed as the sequence:

or we can translate this formula in terms of n, i.e.,
time-index of the higher rate, as
w(n + M ) = w(n) +

M
−1


µαi ei (n)bi (n).

(32)

i=0

Note that w(n) is updated once per M time.
We can express the alternative representation of
AFSAF shown above as in Fig. 4. Instead of sampleby-sample decimation in the standard subband adaptive system, we can express decimation operations in
AFSAF as the decimation of the input vectors bi (n).
Note that, in this ﬁgure, the sum of the error signals
from other channels is expressed as ẽi (m).

(26)

=0

where hi, and L are the -th impulse response of Hi (z)
and its length. Using thus deﬁned bi (n) the input vector
to w(n) is given as

Fig. 4 An equivalent structure of the i-th channel of AFSAF.
S/P shows a serial to parallel converter. A bold line shows that
the signal is a vector and a thin line shows a scalar. ẽi (m) shows
the sum of the error signals from other channels
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3.3 MRM for AFSAF
Then, based on the expression of (32), we explain the
proposed procedure. For that purpose, we ﬁrst deﬁne
a new time index τ as


nR
τ = rem
(33)
M
where rem[x] shows the remainder of x. Note that τ
changes cyclically. We express the number of repetition
by R where R is an integer and should be a divisor of
M.
When τ = 0, the adaptive ﬁlters are updated using
the formula given as (32). On the other hand, when τ =
0, the ﬁlter coeﬃcients are not modiﬁed, and they are
used only for producing the output signal. When we use
the formula (32) we should determine the value of the
constants αi . The reference [2] suggests a method for
determining these value using the powers of the input
signals xik (m). However, we cannot use the method
when those powers are unknown.
To avoid this situation, we propose to use the formula proposed in [12] that is express as


M −1
M
1 
µi ei (n)ui (n). (34)
w n+
= w(n)+ √
R
M i=0
In this equation, µi is
α
µi = T
ui (n)ui (n)

4.

Here, we give some simulation results using the proposed structure and consider its computation complexity.
4.1 Simulation
We simulated the system identiﬁcation problem under
the following conditions:
• We used an AR(4) process as the input signal u(n).
The following equation [5] was used to generate it:
u(n) = γ(n) + 0.95u(n − 1) + 0.19u(n − 2)
+0.09u(n − 3) − 0.5u(n − 4)
(38)

•

•
•

(36)

where the parameter φ is given as
φ = M/N

(37)

As a result, the adaptive ﬁlters are updated once
per M/R time. In Fig. 5, an equivalent conﬁguration
of i-th channel of the proposed method is shown. As
shown in the ﬁgure, the proposed method can be implemented using decimation operations with the decimation ratio M/R.
Note that when R = 1 the proposed procedure
is identical to the conventional AFSAF. On the other
hand, when R = M , it is same as the system proposed
in [13].

Proposed conﬁguration for i-th channel.

Simulation and Consideration

(35)

where α corresponds to the step-size parameter in the
NLMS algorithm and its suitable range is given as 0 <
µ ≤ 1.
Note that when M is greater than N (M > N )
then we should slightly modify the update equation (34)
[12]. The one possible selection is given in [12] and the
selection modiﬁes the second term of the right hand
side of (34) as
M −1
1 
√
µi ei (n)ui (n).
φM i=0

Fig. 5

•

where γ(n) is a white Gaussian process with zero
mean and variance one.
As the unknown system we used an FIR ﬁlter of
length No that was designed using the Remez exchange algorithm. The length of adaptive ﬁlter
was selected as N = No , and No was 61, or 151.
We added white Gaussian noises of diﬀerent variances to the desired signal d(n) so that the signalto-noise ratio (SNR) was −50 dB, or −20 dB.
We compared the proposed structure with the
aﬃne projection algorithm [3], [6] of ﬁfth order,
or APA(5). This selection was done according
to the form of input signal (38). For the proposed method, we varied the number of channel
M (M = 32, 128) and the number of repetition R
(R = 1, 2, 4)
The coeﬃcients of analysis ﬁlters are selected from
the Hadamard matrix [11].

We compared the NLMS, the APA, and the proposed
method in terms of the impulse response error ratio
(IRER). The deﬁnition of the IRER at time n is given
as
IRER(n) =

[wopt − w(n)]T [wopt − w(n)]
w Topt wopt

(39)

where we used w opt to indicate the impulse response of
the unknown system.

NISHIKAWA and KIYA: MRM FOR AFSAF

781

Fig. 6 Results of simulation when the signal-to-noise ratio was
−50 dB.

Fig. 8 Results of simulation when the signal-to-noise ratio was
−20 dB. The length of adaptive ﬁlter and the unknown system
were 61.

Fig. 7 Results of simulation when the signal-to-noise ratio was
−50 dB.

Fig. 9 Results of simulation when the signal-to-noise ratio was
−20 dB. The length of adaptive ﬁlter and the unknown system
were 151.

4.1.1 Case of SNR is −50 dB
As mentioned in the consideration above, the proposed
method has two parameters, namely M , the number of
channels, and R, the number of repetition.
We ﬁrstly show the eﬀect of the selection of M .
In Fig. 6, the results of simulations when the SNR was
−50 dB are shown. We set in this simulation, the number of channels of proposed method as M = 32, and
128.
From the ﬁgure, it can be seen that by varying
M , the rate of convergence, and the ﬁnal error are adjustable. In other words, we can trade the rate of convergence and the ﬁnal error level by varying the number
of channel M . Note that, although the APA increases
the rate of convergence greatly, the IRER was largely
aﬀected by additive noise.
Next, we consider the eﬀect of the number of repetition R by ﬁxing M as M = 128. In Fig. 7, we show
the results of simulations when we varying the number

of repetition as R = 1, 2, and 4.
From the results, we can see that the rate of convergence of the proposed method can be increased by
increasing R. Moreover, the ﬁnal IRER is slightly better than that of the NLMS algorithm for the case of
R = 1, or 2.
4.1.2

Case of SNR is −20 dB

Figure 8 shows the results of simulation when SNR was
−20 dB. In this case, we can say that the APA is the
most aﬀected algorithm among the three in terms of
the IRER criterion. On the other hand, the proposed
method can still provide better IRER performance than
the NLMS algorithm when R = 1, or 2.
To show the dependency of the proposed method
on the ﬁlter length we provide the simulation results
using a diﬀerent ﬁlter length, namely N was selected
as 151. Other conditions for the simulation were same
as those of Fig. 8. The results are shown in Fig. 9. From
the ﬁgure, we can see that the characteristics of IRER
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are similar to those of Fig. 8 except for longer time for
convergence due to the change of ﬁlter length.
4.2 Consideration on Computational Complexity
Finally, let us consider the issues regarding implementation of the proposed method. We consider in two
aspects, namely, the number of computation and the
amount of required hardware.
4.2.1 Computational Complexity
First, let us consider the computational complexity of
the proposed method. Note that, here, we evaluate
complexity in term of the amount of multiplications
and divisions.
Let us begin evaluating analysis process. By selecting the Hadamard matrix as the coeﬃcients of analysis
ﬁlters, the input signal u(n) can be decomposed into
subband signals bi (n) without multiplications because
the Hadamard matrix consists of only ones and minus
ones.
Next, we see the complexity of adaptive process.
When τ = 0, the adaptive ﬁlter will be updated according to (34). In each channel, the second term of
the right hand side of (34) is calculated. To calculate
each term, the same amount of calculation as that of the
NLMS algorithm is required, namely, 2N multiplication
and one division. Hence, the following multiplications
and divisions are required for updating w(n):
Mul: M × (2N )
Div: M

(40)

We are also required an additional multiplication and
a square root calculation in (34). However, we can calculate those values when N and M are determined, so
that we can treat them as a multiplication of a constant
value.
We should note that the computational complexity
thus evaluated are not required at each time, but M/R
times for every M times. Therefore, it is natural to
average (40) over M .
Mul:

R
M

× M (2N + 1) = R(2N + 1)

Div:

R
M

×M =R

software on a DSP processor, or in dedicated hardware,
or mixture of them.
At ﬁrst, let us estimate the required amount
of hardware under the condition that the proposed
method is implemented in dedicated hardware. Then,
in view of the required amount of hardware, those required for the proposed method can be roughly estimated as M times large than those required by the
NLMS algorithm, because we should prepare M sets of
the conﬁguration shown in Fig. 5 to implement the proposed method and each one requires roughly the same
amount of hardware as the NLMS algorithm.
On the other hand, when we implement using software, we need M times larger amount of memories to
store the intermediate results of computations.
Hence, in the view of the amount of the hardware
requirement, the requirement of the proposed method
will be greater than those of the NLMS algorithm regardless of the implementation method.
5.

Conclusion

In this paper, we proposed a method for applying the
multirate repeating method to the alias free subband
adaptive ﬁlter. The proposed method has two parameters R and M . By varying those parameters we can
either increase the rate of convergence, or lower the
ﬁnal error in low SNR environments. The eﬀectiveness of the proposed method was shown through the
computer simulations. Besides, we evaluated the computational and hardware requirements of the proposed
method. Although the increase in computational requirement can be saved, its requirement in hardware
become large as the number of subband increases.
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